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a b s t r a c t

Modeling and fast reanalysis techniques are proposed for predicting the dynamic

response of complex structures with uncertainty represented by parameter variability

(in geometric and material properties) at component-level. The novel models allow for

accurate reanalyses and are useful in many applications where the model of the pristine

level parameter variations. Herein, such models are obtained by using a novel approach

based on a modified concept of component mode synthesis. The novel models, referred

to as parametric reduced-order models, are developed for the general case of multiple

substructures with parameter variabilities. Three types of parameteric variabilities are

considered: (a) geometric (thickness) variability, (b) structural deformations (dents),

and (c) cracks. For the first case, a novel parametrization of component-level mass and

stiffness matrices is employed to predict the system-level response. For the second case,

a novel approximate method based on static mode compensation is implemented. For

the third case (cracks), a generalized formulation for the bi-linear frequency

approximation is used. The predicted vibration responses of complex structures are

shown to agree very well with results obtained using a much more computationally

expensive commercial tool.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Structural analyses based on finite element models (FEMs) are often used to predict vibration responses, stresses, and
other structural characteristics to support design processes. Also, evaluating the effects of possible damages (such as cracks
and dents) on the structural response is crucial in a wide variety of applications. As computing power increases, simulation
techniques replace experiments for testing designs, especially when the experiments are considerably expensive or
difficult to execute. However, the complexity of the designs can make the analysis very slow when many component
changes are needed during the design process. This issue is particularly important because usual industrial FEMs (such as
automobile bodies and complex airplane structural components) have millions of degrees of freedom (DOF). These detailed
models, with very large numbers of DOF, have to be used to ensure high accuracy. However, the large computational cost
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Nomenclature

BFA bi-linear frequency approximation
CB-CMS Craig–Bampton component mode synthesis
CMS component mode synthesis
DOF degrees of freedom

MC-PROM multiple-component parametric reduced-
order model

PROM parametric reduced-order model
ROM reduced-order model
SMC-CMS component mode synthesis with static mode

compensation
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of direct analyses based on these large models detrimentally affects the design cycle, especially when it is necessary to
evaluate the effects of parametric variability and damages on the structural response. Thus, model reduction techniques
such as presented herein are necessary to reduce the computational cost.

An alternative to direct structural analysis of huge models is based on component mode synthesis. Many component
mode synthesis-based reduced-order modeling techniques have been published [1–7] because component mode synthesis
can be combined with a wide variety of FEM-based methods. In the context of vibration analysis, component mode
synthesis is used by first dividing the global structure into components. Next, each component is projected onto a very
small truncated set of (component-level) basis vectors that approximately span the space of the (component-level)
response. As a result, the number of DOF required to model each component is considerably reduced compared to standard
FEMs. Finally, the models of each component are assembled, and a global reduced-order model is synthesized. This last
step can be performed in several ways. The most common approach is the fixed-interface Craig–Bampton component
mode synthesis method [2]. Craig–Bampton component mode synthesis is well understood and frequently used because of
its simplicity and numerical stability. Herein, Craig–Bampton component mode synthesis is used for the substructuring
analysis.

Although many reduced-order models have been developed for structural analyses [8–13], they are not constructed for
design or damage detection in complex structures. The key element that separates reduced-order models for design from
the rest is that usual reduced-order models cannot easily be re-constructed when changes are applied (by design or
through damage) in a few components of the overall system. Recently, design-oriented reduced-order models have been
developed to avoid prohibitively expensive reanalyses of complex structures. These recent models are referred to as
parametric reduced-order models. For example, Balm�es and co-workers [14,15] calculated sets of modes for a few sample
parameter values in the parameter space, and grouped them into a fixed augmented basis for the modes of the nominal
system. This augmented basis was found to be suitable for a (parametric) family of models. However, the need for
repeatedly solving many sample eigenproblems makes the approach impractical for global parametric reduced-order
models of realistic industrial FEMs. To accelerate solving the sampled eigenproblems, this technique was combined with a
component-based approach by Zhang and Park [16,17] for large FEMs. As a by-product, the eigenproblems of the sampled
space are confined to one specific component, and the resulting global system is reduced substantially. However, in the
projection phase, the component basis has to be expanded back into the global coordinates. Hence, the approach does not
lead to true component-based parametric reduced-order models. To address that issue, substructural analysis techniques
based on parametric reduced-order models have been developed [18]. However, those parametric reduced-order models
can account for one parametric variability in one substructure only. In contrast, the new component parametric reduced-
order models proposed herein allow several substructures to have parametric variability in characteristics such as
geometric parameters (e.g. thickness), or material properties (e.g. Young’s modulus). These new multiple-component
parametric reduced-order models are obtained by managing the geometric compatibility conditions between
substructures.

Geometric variations (e.g. dents in the structure, or thickness variability due to manufacturing) can be treated as
parametric variability in the structure. Such an approach has been used for a few years for investigating the vibration of
turbo-machinery bladed disks. For example, static mode compensation has been used for global models [19,20] to compute
the vibration response of a structure which has dents or missing material. By accounting for the effects of geometric
variability as though they are produced by external forces, a set of basis vectors can be established using a combination of
normal modes of the pristine structure compensated by static modes. However, the static mode compensation method for
geometric variations has not been applied for substructuring. Herein, component mode synthesis with static mode
compensation is developed based on Craig–Bampton component mode synthesis. When substructures have dents,
component mode synthesis with static mode compensation is applied to obtain the vibration response. Finally, the effects
of parameter variations (e.g. thickness and geometric variations) are analyzed by multiple-component parametric reduced-
order models and component mode synthesis with static mode compensation.

Typical FEM-based techniques for modeling cracks in complex structures lead to remarkably large models. Also, it is
well known that system-level response characteristics (such as resonant frequencies) of cracked structures differ from
their healthy counterparts. Hence, models which are accurate yet reduced-order are highly desirable for complex cracked
structures. In general, a nonlinear analysis is needed to predict the vibration response of a cracked structure because the
periodic opening and closing of the crack surfaces leads to a (piecewise linear) nonlinear response. For that, Poudou and
Pierre [21,22] have developed a hybrid frequency–time domain method. In that method, the resonant frequencies of the
cracked structure are found by a forced response analysis which is a nonlinear problem whose solution is complex and
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computationally intensive. To alleviate this issue, the bi-linear frequency approximation (which was first used to predict
resonant frequencies of single-DOF piecewise linear systems [23]) is generalized to large dimensional models. The
approach herein builds on the early methods for studying the vibration of cracked beams and plates using a multi-DOF
model. Chati et al. [24] have studied bi-linear frequency approximation for a two-dimensional cracked beam, and Saito
et al. [25] have used bi-linear frequency approximation for a three-dimensional cracked plate. Note that the actual motion
of the crack surfaces can be quite complex, and there may be more than two crack states (open and closed) when, for
example, the crack closing proceeds gradually so that different regions of the crack surfaces close at different times.
Although the generalized bi-linear frequency approximation cannot capture the effects of gradual opening and closing, it
can provide approximate values for the resonant frequencies of complex cracked structures by employing linear analyses
only. Also, the linear analyses required in bi-linear frequency approximation can be performed using Craig–Bampton
component mode synthesis, and that further reduces the computational cost.

The key novel contributions of this paper are as follows. First, the proposed multiple-component parametric reduced-
order models are developed for cases where parameter variations occur simultaneously in multiple components by
developing a novel transformation matrix. Second, the static mode compensation approach is adapted for use with Craig–
Bampton component mode synthesis to create a novel component-level analysis. Third, the geometric compatibility
conditions normally used in Craig–Bampton component mode synthesis are generalized and adapted so that bi-linear
frequency approximation can be implemented efficiently for crack analysis in conjunction with Craig–Bampton component
mode synthesis, component mode synthesis with static mode compensation and multiple-component parametric reduced-
order models.

This paper is organized as follows. In Section 2, bi-linear frequency approximation and Craig–Bampton component
mode synthesis for the cracked structure are discussed. Also, multiple-component parametric reduced-order models for
structures which have multiple components with parametric variability, and component mode synthesis with static mode
compensation for components with geometric variations (such as dents) are formulated. Next, the models for all
substructures are assembled by using an effective computational approach to implement geometric compatibility
conditions. In Section 3, numerical simulations are used to demonstrate the proposed methods for an L-shape structure
which has several substructures with thickness variation and also substructures with damage (dents). Also, bi-linear
frequency approximation is implemented for a cracked L-shape structure. Next, the novel reduced-order modeling
techniques are applied to a real vehicle model in Section 4. Finally, conclusions are summarized in Section 5.

2. Reduced-order modeling

2.1. Bi-linear frequency approximation and CB-CMS for cracked structures

Bi-linear systems are essentially nonlinear and the notions of natural frequencies and normal modes are, strictly
speaking, not applicable. In this study we focus on the many cases where the forcing applied to the system is periodic and
leads to a periodic response. Herein, the frequency corresponding to the response with the largest amplitude is referred to
as a resonant response and its frequency is referred to as a resonant frequency. Note that the systems where penetration is
allowed or the crack is considered closed are linear. In this work, we discuss a methodology to approximate the nonlinear
resonant frequencies based on resonant frequencies of systems where penetration is allowed, or the crack is considered
closed at all times. Herein, we consider bi-linear systems under harmonic excitation which are assumed to produce a
periodic response. While periodic responses are certainly observed in many applications, they are not guaranteed to occur
in all occasions. Even when periodic solutions are possible, there can be complicating features such as multiplicity of
steady-state responses and dependency on initial conditions. Such cases are exciting but are beyond the scope of this work.

2.1.1. Bi-linear frequency approximation

In this section, the bi-linear frequency approximation (BFA) is generalized and used to analyze three-dimensional
cracked structures. Initially, BFA was used to provide approximate resonant frequencies for single-DOF piecewise linear
(bi-linear) systems. In essence, BFA can be expressed as [23]

ob ¼
2o1o2

o1þo2
, (1)

where ob is the approximate resonant frequency, o1 is the resonant frequency of one of the linear systems associated with
the piecewise linear system, and o2 is that of the other linear system of the piecewise linear system. This expression is the
exact solution for the undamped oscillation of a piecewise linear (bi-linear) single-DOF oscillator. The application of Eq. (1)
is more complex for more general cases such as cracked plates because in those cases multiple DOF are located on the crack
surfaces. Hence, the model involves multiple piecewise linear systems. Nevertheless, for many cases one can assume that
the cracked system behaves as if it were defined by only two linear systems, corresponding to two states: one when the
crack is fully open, and for when the crack fully is closed. In the following, these states are referred to as states 1 and 2.

The definition of the states 1 and 2 can be extended to those proposed by Chati et al. [24], who analyzed the in-plane
bending vibrations of a cracked beam. Specifically, state 1 (open crack) is defined by removing the constraint of no
penetration of the crack surfaces. That is, for state 1 there is no constraint applied on the relative motion between the
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corresponding nodes (one on each crack surface) that are in contact when the crack is closed. Hence, for state 1, inter-
penetration is allowed. Similarly, state 2 (closed crack) is defined by enforcing no penetration, but allowing sliding
between the crack surfaces. That is, for state 2 the relative motion between the nodes (which are located on each of the two
separate faces of the crack) is not allowed in the direction perpendicular to the crack surface. Their motion in the plane
tangent to the crack surfaces is allowed. Hence, for state 2, sliding is allowed while inter-penetration is not allowed. The
mathematical representation of these two states is detailed in Section 2.1.2.

2.1.2. CB-CMS for cracked structures

In this section, the fixed-interface Craig–Bampton CMS (CB-CMS) [2] method is used to construct reduced-order models
(ROMs). This modeling approach is used because of its simplicity and computational stability. To apply CMS, the complex
structure of interest is partitioned into substructures. The DOF of each substructure are further partitioned into active DOF
on the interface (indicated by the superscript A), and omitted DOF in the interior (indicated by the superscript O). The mass
and stiffness matrices for a component i can then be partitioned to obtain

Mi ¼
mAA

i mAO
i

mOA
i mOO

i

" #
and Ki ¼

kAA
i kAO

i

kOA
i kOO

i

2
4

3
5:

Next, the physical coordinates are changed to a set of coordinates representing the amplitudes of a selected set of fixed-
interface component-level normal modes UN

i (indicated by the superscript N), and the amplitudes of the full set of static
constraint modes UC

i ¼�kOO
i

�1
kOA

i (indicated by the superscript C). The transformed mass and stiffness matrices for
component i can be expressed as

M̂i ¼
m̂

C
i m̂

CN
i

m̂
NC
i m̂

NN
i

2
4

3
5 and K̂i ¼

k̂
C

i k̂
CN

i

k̂
NC

i k̂
NN

i

2
4

3
5: (2)

To model the dynamics of cracked structures and to apply BFA, the substructuring is done such that all cracks are along
boundaries between adjacent substructures. Hence, all crack surfaces are boundaries between substructures. Thus, in Eq. (2),
the DOF marked as C are obtained from interface DOF (which are the interface DOF for the ith substructure). The interface
DOF are further divided into constraint DOF (shown by superscript CC) and free DOF (indicated by superscript FF) for BFA. For
example, for state 1 (open crack), the DOF on the crack surfaces are completely free (and the inter-penetration of crack
surfaces is allowed). These DOF on the crack surfaces (are free DOF for state 1 and) are indicated by superscript FF in Eq. (3).
For state 2 (closed crack), sliding boundary conditions are applied at the crack surfaces as discussed in Section 2.1.1. Thus, the
constrained DOF (for sliding boundary conditions) are denoted by superscript CC in Eq. (3). Using these two kinds of
geometric compatibility conditions, the frequencies o1 and o2 in Eq. (1) are obtained through two separate linear analyses.
Thus, if component i has a crack surface, the component-level mass and stiffness matrices are partitioned as

M̂ i ¼

m̂
CC
i m̂

CF
i m̂

CCN
i

m̂
FC
i m̂

FF
i m̂

FFN
i

m̂
NCC
i m̂

NFF
i m̂

NN
i

2
6664

3
7775

and

K̂i ¼

k̂
CC

i k̂
CF

i k̂
CCN

i

k̂
FC

i k̂
FF

i k̂
FFN

i

k̂
NCC

i k̂
NFF

i k̂
NN

i

2
66664

3
77775: (3)

The notation contains many superscripts such as A, O, C, N, CC, and FF. To clarify the meaning of these superscripts, Fig. 1
provides a conceptual view of the groups of DOFs corresponding to these superscripts. Since all crack surfaces are at
interfaces between components, the geometric compatibility conditions at the interfaces between substructures are
applied only for the DOF marked as CC in Eq. (3). For example, if a substructure does not have a crack surface, then there are
no DOF marked as FF, and all DOF are marked as CC. Hence, the geometric compatibility conditions are applied to all DOF
marked as C in Eq. (2). In general, all DOF on the boundaries are constrained except the DOF corresponding to the crack
surfaces. The DOF along crack surfaces (denoted by FF) are not constrained. Also, note that all boundary DOF are active DOF,
and the geometric compatibility conditions used to assemble every substructure are applied only to the DOF marked as CC

in Eq. (3).

2.2. Multiple-component parametric reduced-order models

Global parametric reduced-order models (PROMs) [15] have been developed for fast reanalyses of structures with
parametric variability in their properties. An important drawback of existing global PROMs is that they require
computationally expensive calculations to determine multiple sets of system-level eigenvectors. These eigenvectors are
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needed when multiple parameters are considered. Thus, component-mode-based PROMs [16] have been developed to
adopt component normal modes and characteristic constraint modes as projection basis instead of global modes. However,
constructing component-mode-based PROMs is also time consuming because the approach still requires the calculation of
system-level (global) interface modes. These interface modes are needed for the secondary modal analysis performed on
the system-level matrix partitions (corresponding to the interface DOF) for all of the components in the global model. Thus,
Park [18] introduced truly component-level analysis for constructing PROMs, referred to as component-PROMs. However,
component-PROMs can be applied only to one component (and a single parametric variability). This issue is addressed
herein by developing novel component-PROMs for multiple components. These new models can be used for cases where
parametric variability (or damages) are present in several substructures simultaneously. For each substructure, a single
variation is considered in parameters such as Young’s modulus, or in geometric characteristics such as thickness. These
models are referred to as multi-component PROMs (MC-PROMs).

A family of models can be defined as all models which differ only through a single parameter. Herein, we focus on
families of component-level models first. Consider a family of models for parameter p for the ith component of a (global)
structure. The mass and stiffness matrices of the ith component for this family of models can be approximated by using
Taylor series. For example, for a linear thin plate element, the modification of the stiffness matrix due to variations in the
thickness of the plate can be accurately represented by a Taylor series up to the third order, while the mass matrix can be
approximated by a Taylor series up to first order, neglecting the rotary inertia [18]. The first and the third-order Taylor
series approximations about the nominal parameter value p0 can be expressed as follows:

MiðpÞ �Miðp0Þþ
qMi

qp
ðp�p0Þ,

KiðpÞ �Kiðp0Þþ
qKi

qp
ðp�p0Þþ

1

2

q2Ki

qp2
ðp�p0Þ

2
þ

1

6

q3Ki

qp3
ðp�p0Þ

3: (4)

Computationally, the partial derivatives in Eq. (4) can be approximated using standard finite differences for a small
parameter variation Dp as follows:

M1
FD ¼

qMi

qp
�

Miðp0þDpÞ�Miðp0Þ

Dp
,

K1
FD ¼

qKi

qp
�

Kiðp0þDpÞ�Kiðp0Þ

Dp
,
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K2
FD ¼

q2Ki

qp2
�

1

2

Kiðp0þDpÞ�2Kiðp0ÞþKiðp0�DpÞ

Dp2
,

K3
FD ¼

q3Ki

qp3
�

Kiðp0þ2DpÞ�3Kiðp0þDpÞþ3Kiðp0Þ�Kiðp0�DpÞ

Dp3
: (5)

Then, the parametrized component matrices can be obtained by substituting Eq. (5) into Eq. (4) to obtain

MiðpÞ �Miðp0ÞþM1
FDðp�p0Þ,

KiðpÞ �Kiðp0ÞþK1
FDðp�p0Þþ

1

2
K2

FDðp�p0Þ
2
þ

1

6
K3

FDðp�p0Þ
3: (6)

To obtain a ROM for a ith component, each parametric family of component models is projected onto a (constant)
component-level modal basis Û i. This basis is calculated (for each component) at a few given (perturbed) sets of parameter
values. This basis is used for all configurations in the parameter space of the corresponding component. The component-
level modal basis Û i for ith component can be expressed as

Û i ¼
I I 0

W0
i WU

i Uaug
i

" #
, (7)

where Uaug
i is referred to as the matrix of augmented fixed-interface normal modes

Uaug
i ¼ ½U

0
i U1

i U2
i U3

i �, (8)

and the superscript 0 indicates quantities computed for the nominal parameter values, while the superscript U, 1, 2 and 3
indicate quantities computed for perturbed parameter values (which can be, for example, pþDp, pþ2Dp, and pþ3Dp).
Vectors Ui and Wi in Eq. (7) represent fixed-interface normal modes and static constraint modes.

When the stiffness matrix is represented by a third-order Taylor series, then the fixed-interface normal modes for
three perturbed structures are computed to form a transformation matrix. In general, taken all together, the modes in
Uaug

i are not orthogonal. For numerical stability, an orthogonal basis for the space spanned by these modes is used. To
that aim, the left singular vectors of Eq. (8) are computed, and the left singular vector U corresponding to singular
values larger than 0.01 percent of the maximum singular values are selected. Next, U is used to construct a transfor-
mation matrix (instead of the augmented fixed-interface normal modes Uaug

i ). The final transformation matrix can be
expressed as

Û i ¼
I I 0

W0
i WU

i Ui

" #
, (9)

Using Eq. (9) into Eq. (6), the physical coordinates are transformed to coordinates along the collected set of modes Û i

for the ith component. The transformed mass and stiffness matrices can be expressed as

M̂ iðpÞ � Û
T

i Miðp0ÞÛiþÛ
T

i M1
FDÛ iðp�p0Þ,

K̂iðpÞ � Û
T

i Kiðp0ÞÛ iþÛ
T

i K1
FDÛ iðp�p0Þþ

1

2
Û

T

i K2
FDÛ iðp�p0Þ

2
þ

1

6
Û

T

i K3
FDÛ iðp�p0Þ

3:

The modal basis consists of internal and interface DOF for each substructure. Thus, the mass and stiffness matrices for
the ith component used for MC-PROM can be partitioned as follows:

MPROM
i ¼

mC00

i mC0U

i mCN00

i

mCU0

i mCUU

i mCNUU

i

mNC00

i mNCUU

i mNd

i

2
6664

3
7775, (10)

KPROM
i ¼

kC00

i kC0U

i kCN00

i

kCU0

i kCUU

i kCNUU

i

kNC00

i kNCUU

i kNd

i

2
6664

3
7775: (11)

In addition, the interface DOF are also divided into constrained DOF (denoted by superscript CC) and free DOF
(denoted by superscript FF) to apply open and sliding boundary conditions for BFA as in Eq. (3). Thus, the interface
DOF marked as C can also be divided into CC and FF DOF. Then, the MC-PROM mass and stiffness matrices can be
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partitioned as

MPROM
i ¼

mCC00

i mCF00

i mCC0U

i mCF0U

i mCCN00

i

mFC00

i mFF00

i mFC0U

i mFF0U

i mFFN00

i

mCCU0

i mCFU0

i mCCUU

i mCFUU

i mCCNUU

i

mFCU0

i mFFU0

i mFCUU

i mFFUU

i mFFNUU

i

mNCC00

i mNFF00

i mNCCUU

i mNFFUU

i mNd

i

2
666666664

3
777777775

, (12)

KPROM
i ¼

kCC00

i kCF00

i kCC0U

i kCF0U

i kCCN00

i

kFC00

i kFF00

i kFC0U

i kFF0U

i kFFN00

i

kCCU0

i kCFU0

i kCCUU

i kCFUU

i kCCNUU

i

kFCU0

i kFFU0

i kFCUU

i kFFUU

i kFFNUU

i

kNCC00

i kNFF00

i kNCCUU

i kNFFUU

i kNd

i

2
666666664

3
777777775
: (13)

2.3. Component mode synthesis with static mode compensation

In this section, a novel, component-based modeling technique for systems containing dents is formulated using a mode-
acceleration method based on static mode compensation (SMC). Lim et al. [20] used this modeling technique for structures
with geometric variation. However, that SMC technique was applied to global structural analysis and not to substructural
analysis. Herein, an SMC technique is developed for substructural analysis. The resulting reduced-order modeling method
is referred to as component mode synthesis with static mode compensation (SMC-CMS). Note that, although this procedure
is formally similar to CB-CMS, the bases used are distinct.

The mass and stiffness matrices of the ith dented substructure can be expressed as

MD
i ¼

mAA
i

D
mAO

i

D

mOA
i

D
mOO

i

D

2
4

3
5 and KD

i ¼
kAA

i

D
kAO

i

D

kOA
i

D
kOO

i

D

2
4

3
5,

where the DOF of each substructure have been partitioned into active DOF on the interface (indicated by the superscript A),
and omitted DOF in the interior (indicated by the superscript O).

In the CB-CMS method, a selected set of fixed-interface component-level normal modes UN
i are obtained using the

component-level mass and stiffness matrices Mi and Ki. In contrast, in the SMC-CMS method, a truncated/selected set of
fixed-interface normal modes calculated using SMC are used. Hence, the normal modes of the pristine/healthy
substructure are compensated by using static modes. To that aim, the changes in the mass and stiffness matrices due to the

presence of the dent are expressed as Md
i ¼MD

i �MH
i , and Kd

i ¼KD
i �KH

i , where the superscripts D and H indicate dented and

healthy substructures.
The active DOF (which are interface DOF between substructures) are needed for applying the geometric compatibility

conditions. In addition to those DOF, there are other active DOF which have to be considered. These other active
DOF (indicated by the subscript G) are DOF affected the dent. These DOF are needed to model the attachment modes used
in the SMC-CMS method. The attachment modes WH are obtained using the DOF marked as G together with the
omitted DOF.

One physical interpretation of SMC is that an equivalent force is applied to the structure to account for the changes in
dynamics due to the dent. This equivalent force [19,20] can be expressed as

f ij ¼ ð�oH
ij

2
MOO

i

D
þKOO

i

D
ÞUH

ij ¼
0

ð�oH
ij

2
MOO

i

d
þKOO

i

d
ÞUH

G,ij

" #
,

where oH
ij and UH

ij are the jth natural frequency and mode shape of the ith healthy substructure, and UH
G,ij are the portions

of UH
ij which correspond to the DOF where a dent is present (i.e. the DOF marked as G). The static modes used in SMC are

defined by KD
i

�1
f ij, and can be obtained using the following relation [19,20]:

KD
i

�1
f ij ¼KH

i

�1
ðIþKd

i KH
i

�1
Þ
�1f ij ¼KH

i

�1
gij, (14)

where

gij ¼ ðIþKd
i KH

i

�1
Þ
�1f ij:

Eq. (14) shows that the static modes can be obtained by a static analysis where the (static) forces fij are applied to the
dented substructure, or the (static) forces gij are applied to the healthy substructure. Also, these static modes can be
computed as a linear combination of healthy-structure attachment modes with the coefficients being the corresponding
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forces, that is

KD�1
f ij ¼KH�1

gij ¼WHgG,ij:

Finally, the truncated set of component-level normal modes for the healthy substructure (compensated by static
modes) can be obtained as

USMC
i ¼UH

i �WH
i GG,i:

This set of modes is used in SMC-CMS to construct ROMs. The resulting ROMs are similar to the ones obtained using fixed-
interface normal modes in CB-CMS.

Using the truncated set of normal modes USMC
i , the reduced mass and stiffness matrices can be expressed as follows:

MSMC
i ¼

mC
i mC,SMC

i

mSMC,C
i mSMC

i

2
4

3
5, (15)

KSMC
i ¼

kC
i kC,SMC

i

kSMC,C
i kSMC

i

2
4

3
5, (16)

where the superscript C refers to constraint modes, and

mC
i ¼mAA

i

D
þWC

i mOA
i

D
þWC

i

T
mOO

i

D
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i
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,
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i ¼mAO

i

D
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mOO
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i ,
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mOO
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kC
i ¼ kAA

i

D
þWC

i kOA
i

D
þWC

i
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kOO
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i
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,

kC,SMC
i ¼ kAO

i

D
FSMC

i þWC
i

T
kOO
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D
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i ,

kSMC,C
i ¼KC,SMC

i

T
,

kSMC
i ¼USMC

i

T
kOO

i

D
USMC

i :

Similar to the CB-CMS and MC-PROM matrices used for BFA, the DOF marked as C can be partitioned into CC and FF DOF.
One obtains

MSMC
j ¼

mCC
j mCF

j mCC,SMC
j

mFC
j mFF

j mFF,SMC
j

mSMC,CC
j mSMC,FF

j mSMC
j

2
6664

3
7775, (17)

KSMC
j ¼

kCC
j kCF

j kCC,SMC
j

kFC
j kFF

j kFF,SMC
j

kSMC,CC
j kSMC,FF

j kSMC
j

2
6664

3
7775: (18)

2.4. Geometric compatibility conditions for MC-PROM, CB-CMS and SMC-CMS

In MC-PROM, the component-level mass and stiffness matrices are spanned by matrices corresponding to the nominal
and the perturbed parameters. Hence, the interface DOF (indicated by the superscript C) of the substructure are not the
same in MC-PROM as in CB-CMS and SMC-CMS.

The component-level matrices used in CB-CMS and SMC-CMS (given in Eqs. (2), (15) and (16)) have single interface parts, so in
this section, CMS indicates both CB-CMS and SMC-CMS. However, in Eqs. (10) and (11), one may note that the interface parts of
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the PROM matrices are twice as many as those of the mass and stiffness matrices used in CB-CMS and SMC-CMS. Thus, geometric
compatibility conditions are enforced to assemble these matrices (CB-CMS, SMC-CMS and MC-PROM), as described next.

Fig. 2 shows the procedure used to construct a PROM. In particular, reduced-order modeling techniques are applied to
each substructure, and then geometric compatibility conditions are enforced. The process may be summarized as follows:
(a) the system matrix is divided into components according to the type of parameter variation and/or damage, (b) a ROM is
constructed for each substructure, (c) the constrained (CC) and free (FF) DOF are assigned for the substructures which have
crack surfaces at their interface with other components, (d) substructures modelled using the CB-CMS or the SMC-CMS
approach are assembled, (e) substructures modelled using the PROM approach are assembled, and (f) the partially
assembled structure modelled using CB-CMS or SMC-CMS, and the partially assembled structure modelled using PROM are
assembled together. Note that when each substructure is assembled, the geometric compatibility conditions are applied to
the DOF marked as CC. A more detailed description of this procedure is as follows.

MC-PROM is applied for the design of the parts of the structure which have parametric variability, and CB-CMS is
applied for the remainder of the structure. This remainder is the full structure minus the parametrized components (which
are the components of interest in the design process, referred to as design components). In addition, SMC-CMS is applied
for dented components.

Recall that the SMC-CMS method is similar to CB-CMS except that it uses a different truncated set of (component-level)
normal modes. Hence, the interface parts for SMC-CMS and CB-CMS have the same meaning. Thus, dented components can
be grouped together with the remainder of the structure for the purpose of applying geometric compatibility conditions.

In general, a complex structure has remainder substructures and substructures which have parameter variability. First,
CB-CMS is applied for the nominal components, and SMC-CMS is applied for the dented components. Next, consider that a
Crack Parameter 
Variations

Dent

(b) Construct a ROM for each substructure Apply compatibility conditions:
(d) assemble substructures modeled using CMS

(e) assemble substructures modeled using PROM

(f) Assemble substructures(a) Divide system into components

(c) Assign constrained (CC) and free (FF) DOF 

Finite Element Model Reduced Order Model

Varia

D

Finite Element Mode

DDenDennttntt

PROM

PROM

CB-CMS

SMC-CMS

CMS

PROM

Fig. 2. Conceptual diagram depicting the process of building a PROM.
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crack exists between substructure i (a reminder substructure where CMS is applied) and substructure j (a substructure
which has parameter variability and where MC-PROM is applied). Then, the DOF marked as FF are assigned only for
matrices of substructures i and j for the purpose of applying BFA. The complete, reduced-order, component-level equations
of motion for each component based on CB-CMS, SMC-CMS and MC-PROM can be expressed as follows:

MCMS
i

€qCMS
i þKCMS

i qCMS
i ¼ FCMS

i ði¼ 1,2, . . .Þ,

^

MPROM
j

€qPROM
j þKPROM

j qPROM
j ¼ FPROM

j ðj¼ 1,2, . . .Þ:

To apply the interface compatibility conditions, the equations above are grouped into one global equation of motion.
The resulting mass and stiffness matrices, and the forcing vector can be expressed as

M̂ ¼ Bdiag½MCMS
1 MCMS

2 � � � MPROM
1 MPROM

2 � � ��, (19)

K̂ ¼ Bdiag½KCMS
1 KCMS

2 � � � KPROM
1 KPROM

2 � � ��, (20)

F̂ ¼ ½FCMS
1

T
FCMS

2

T
� � � FPROM

1

T
FPROM

2

T
� � � �T, (21)

where Bdiag½�� denotes a block-diagonal matrix.
The first set of geometric compatibility conditions for CMS and MC-PROM are expressed (separately) as

qCCr ¼ qCCr

1 þqCCr

2 þ � � � ,

qCCd
00
¼ qCCd

1

00
þqCCd

2

00
þ � � � ,

qCCd
UU
¼ qCCd

1

UU
þqCCd

2

UU
þ � � � , (22)

where the subscript r indicates components of the remainder of the structure, and the superscript 0 indicates quantities
computed for the nominal parameter values, while the superscript U indicates quantities computed for perturbed
parameter values (which can be, for example, the upper limits for the parameters of interest). Note that the geometric
compatibility conditions are applied only for the constrained DOF.

Eq. (22) are applied into Eqs. (19)–(21) to assemble the matrices for CMS and MC-PROM, one part at a time. Then, these
mass and stiffness matrices are assembled to obtain the full system-level matrices and forcing vector as

M̂ ¼ Bdiag½MCMS MPROM�, (23)

K̂ ¼ Bdiag½KCMS KPROM�, (24)

F̂ ¼ ½FT
CMS FT

PROM�
T, (25)

where

MCMS ¼
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CMS MCFr

i MCCNr
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i MFFr

i MFFNr
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CMS MNFFr
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2
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3
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j KFFNr
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KNCCr
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2
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3
7775, FCMS ¼
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j MFF0U

j MFFN00
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KPROM ¼
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PROM KCC0U

PROM KCF00

j KCF0U

j KCCN00

PROM

KCCU0

PROM KCCUU

PROM KCFUO

j KCFUU
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j KFF0U
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FPROM ¼

fCC00
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N

fFF00

j

fFFUU
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^
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666666666666664
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:

Although the boundary DOF in the MC-PROM matrices are duplicated for the nominal and perturbed parameter parts,
each relative displacement between DOF of adjacent substructures is still the same for CMS and MC-PROM. Therefore, a
second set of geometric compatibility conditions is given by

qCCr

1 þqCCr

3 þ � � � þqCCr

L ¼ qCC00

2 þqCCUU

2 þ � � � þqCC00

N þqCCUU

N

or

qCCr ¼ qCC00þqCCUU ¼ qCCd :

By applying this second set of geometric compatibility conditions into Eqs. (23)–(25), the CMS and MC-PROM matrices and
forcing vector can be rearranged to obtain the full system-level matrices as

Msys ¼

MCC MCF MCCN

MFC MFF MFFN

MNCC MNFF MNN

2
64

3
75, (26)

Ksys ¼

KCC KCF KCCN

KFC KFF KFFN

KNCC KNFF KNN

2
64

3
75, (27)

Fsys ¼

fCC

fFF

fNN

2
64

3
75, (28)
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Eqs. (26)–(28) represent the assembled system matrices and forcing vector for the global ROM. However, the system
matrices are (in general) singular due to the transformation matrix used for PROM in Eq. (9). There, the constraint modes
W0

i for the nominal parameter values (indicated by superscript 0) and the constraint modes WU
i for a perturbed parameter

value can be linearly dependent. Thus, to numerically stabilize the system, the modal assurance criterion (MAC) for W0
i and

WU
i is used when the ith component PROM matrices are obtained. The MAC is given by

MACi ¼
W0

i

T
WU

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0

i

T
W0

i

q ffiffiffiffiffiffiffiffiffiffi
WU

i

T
q

WU
i

, ei
jjðMACiÞ ¼

0 MACZe,
1 MACoe,

(

where subscript j in ejj indicates the jth static constraint mode, and e is a constant close to 1 which is used to distinguish
linearly dependent modes among all the static constraint modes. Note that only the counterpart modes for the perturbed
parameter case need to be checked against those of the nominal parameter case. Here, ejj

i is a vector used to decide whether
to keep or to eliminate the static constraint mode j of the PROM substructure i. The entries of the eliminating vector consist
only of 0 or 1. Using the eliminating vector ejj

i , the system matrices are reduced by eliminating DOF which correspond to
the perturbed parameter case.

3. Results for a moderately complex structure: L-shape structure

To demonstrate the proposed MC-PROM, SMC-CMS and BFA methodologies, an L-shaped structure (shown in Fig. 3)
with various parameter variations and dents has been investigated numerically. The left side of Fig. 3 is the pristine
structure, and the right side of Fig. 3 shows the damaged structure. The forced response of the L-shape structure is
computed, and resonant frequencies are identified. The structure consists of eight substructures. Substructures 1, 6 and 7
have thickness variations as shown by cases 1 and 2 in Table 1. Moreover, substructures 3 and 5 have geometric variations
(dents). The CB-CMS method is applied for the remainder of the structure (the part of the structure which does not have
any thickness or other geometric variations). Those are substructures 2, 4, and 8. The remainder substructures are healthy
and have nominal thickness of 0.4 mm. The MC-PROM and SMC-CMS methods are implemented for thickness and
geometric variations, respectively.

Fig. 4 shows the system-level forced response for the healthy structure and the two cases of thickness variation. The
response predicted by the PROM agrees well with the response proved by the full order model. On the left in Fig. 4, the
dotted line represents the vibration response for the healthy structure, and the solid line is the response of the damaged
structure with thickness variation (case 1) and dents. Both these results are obtained using a full finite element model and
response calculations performed using NASTRAN. Also, NASTRAN was used to obtain the finite element mass and stiffness
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Fig. 3. Healthy structure and damaged structure with thickness variations.

Table 1
Thickness variations in substructures 1, 6 and 7.

Substructure Thickness, case 1 Thickness, case 2

1 0:4 mm-0:473 mm 0:4 mm-0:435 mm

6 0:4 mm-0:422 mm 0:4 mm-0:491 mm

7 0:4 mm-0:493 mm 0:4 mm-0:481 mm



Table 2
Comparison of the full order model and the PROM.

Types Full order model PROM

System DOF 119,808 2420

Initial analysis time (s) 60,125 21,955

Reanalyses time (s) 60,125 595
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Fig. 4. Forced response predictions provided by a full finite element model and a PROM for the healthy and damaged structures with thickness variations

for cases 1 and 2.
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Fig. 5. Cracked structure with geometric and thickness variations, and resonant frequencies predicted using BFA for the first 10 modes.
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matrices and force vectors. Using that information from NASTRAN, an in-house code was used to compute the structural
vibration response.

The dashed line shows results obtained using a PROM based on CB-CMS, SMC-CMS, and MC-PROM. The results provided
by the full model agree very well with those obtained using the novel PROM. In addition, on the right in Fig. 4, the dotted
line is the response of the healthy structure, and the dashed line and the solid line are those for cases 1 and 2, respectively.
These results show that the example considered is a challenging one because even small structural variations in one
component affect the system-level vibration response.

The left side of Fig. 5 shows the structure which has not only a dent and thickness variations as in cases 1 and 2, but also
a crack between substructures 7 and 8. This structure has the same dents and thickness variations as in cases 1 and 2. The
resonant frequencies of the first 10 modes are shown on the right in Fig. 5. The solid line and the dashed line are the
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Fig. 7. HMMWV frame FE model.
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resonant frequencies for cases 1 and 2, respectively. The right side of Fig. 5 shows that the frequencies of the higher modes
are shifted (compared to the healthy structure) more than frequencies of the lower modes. Fig. 6 shows the shift of the
resonant frequency for the 6th and 8th modes, respectively. The crack length varies from 20 to 80 percent (of structure’s
width). Note that the resonant frequencies are also shifted due to the thickness variations.
4. Results for a complex structure: HMMWV frame

In Section 3, the PROM method is applied to a moderately large model which consists of eight substructures. The total
number of DOF of the L-shape structure is not huge, so the analysis time using the full order and reduced-order models are
not dramatically different. In this section, the PROM method is used to predict the dynamic response of a realistic vehicle
model which is the base frame of a high mobility multipurpose wheeled vehicle (HMMWV). The finite element model for
the HMMWV is a conventional model used to examine its dynamic response. Fig. 7 shows the finite element model of the
HMMWV frame, and Fig. 8 shows each substructure of the HMMWV frame for constructing a PROM. The substructure
which represents the reinforcement frame of the back and front left-rails have thickness variations, and the engine cradle
has a dent. Table 3 shows two cases of thickness variation of the reinforcement frames. The total number of DOF of the
HMMWV model is 119,808, and the calculation time for one full order analysis takes more than 6 h. However, the PROM
approach reduces the number of DOF of the system and lowers the calculation time dramatically. Not only the time needed
for the initial calculation is shortened, but also the time for subsequent analyses is drastically decreased.

In Table 2, the number of DOF and the computational time required for the initial analysis and for the reanalyses are
shown. The number of DOF of the PROM is much lower than that for the full order finite element model. Note that natural
frequencies are needed for BFA. If natural frequencies are obtained from the full order finite element model which has
119,808 DOF, the calculation time is much longer than that required by PROM because PROM requires fewer than 2000
DOF. In addition, the initial analysis time needed for the PROM approach is 3 times shorter than that required by the full
order finite element model. Also, the reanalysis time is 100 times faster than the time required by the full order finite
element model. The time savings are not as large for the initial analysis as they are for reanalyses because of the need for an
eigenanalysis to form the transformation matrix for each damage type.
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Fig. 8. Substructuring for HMMWV frame.

Table 3
Thickness variations for the HMMWV frame in substructures Lfront and Lrear.

Substructure Thickness, case 1 Thickness, case 2

Lfront 3:0378 mm-4:6268 mm 3:0378 mm-5:5788 mm

Lrear 3:0378 mm-5:3838 mm 3:0378 mm-4:0908 mm
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Fig. 9. Forced response predictions provided by a full finite element model and a PROM for the healthy and damaged structures with thickness variations

for cases 1 and 2 of the HMMWV frame.
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Next, forces and moments are applied as excitations in several nodal points of the structure. Force and moments can be
applied by the tires, the engine, and several other external factors such as the aerodynamics. Herein, forces and moments
from the engine are considered. Fig. 9 shows the response of the HMMWV frame for cases 1 and 2 of thickness variation,
respectively. The dotted line shows the forced response of the healthy HMMWV structure, and the dashed line and the
solid line show the response of the damaged HMMWV frame. Results obtained using a PROM and the full order model
are shown.

Fig. 10 shows the finite element model of the cracked cross frame for the HMMWV frame. The crack length varies across
the frame component from 11.11 to 88.89 percent. BFA is used to compute the resonant frequencies of the cracked
HMMWV frame model. Note that the other damages (such as dents and thickness variations) are as in the cases 1 and 2.
The resonant frequencies for cases 1 and 2 of thickness variation of the cracked and dented HMMWV frame model are
shown in Figs. 11–13. These figures show the modes from the 1st mode to the 5th mode, the 11th mode to the 15th mode,
and the 26th mode to the 30th mode, respectively. The lower frequencies shown in Fig. 11 do not shift much as the crack
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Fig. 10. Cracked base frame component.
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Fig. 11. Resonant frequencies predicted using BFA for the first 5 modes.
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length increases. However, the mid-range resonant frequencies shift much more as the crack length increases, as shown in
Fig. 12. Note that several modes switch when the crack length is around 40 percent. For the higher modes shown in Fig. 13,
the frequencies shift more than those in Fig. 11, but the mode switching does not take place. Figs. 14 and 15 show the 14th
and 25th resonant frequency of the cracked and dented HMMWV frame for cases 1 and 2 of thickness variations. These
figures show that the resonant frequencies decrease significantly, once the crack length is larger than about 60 percent.
5. Conclusions and discussion

Novel multiple-component parametric reduced-order models (MC-PROMs) for predicting the vibration response of
complex structures have been developed. These models are able to handle simultaneously with very high efficiency both
parametric variability in multiple components as well as damage. Also, the parametric reduced-order models (PROMs)
developed are agile and easy to construct, which makes them particularly useful for analyses required in design processes.

In addition, the reanalysis time for parametric reduced-order models (PROM) is significantly shorter than that for the
full order model. For example, to perform reanalyses which account for thickness variations (such as the ones in case 2 for
the high mobility multipurpose wheeled vehicle (HMMWV) model) or new types of dents, the parametric reduced-order
models (PROM) approach needs only a few simple matrix calculations (without the need for eigenanalyses) to construct
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Fig. 12. Resonant frequencies predicted using BFA for the 11th–15th mode.
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Fig. 13. Resonant frequencies predicted using BFA for the 26th–30th mode.
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the transformation matrix for each damage type. The appropriate transformation matrix to reduce the DOF of the structure
has been already constructed in the initial analysis. Hence, the recalculation of the transformation matrix is not needed.
That is one of the core advantages of the parametric reduced-order models (PROM) approach proposed herein.

The models developed are a viable, more efficient alternative to other component-mode-based parametric reduced-
order models (PROMs). Although those models also require a reduced computation time compared to full finite element
models, that computational time is still long. In particular, those models are hard to use for the analysis of huge models.
These issues can be overcome by the use multiple-component parametric reduced-order models (MC-PROMs) as described
herein. The key characteristic of multiple-component parametric reduced-order models (MC-PROMs) is that parametriza-
tion is applied at the component-level rather than at the system-level. As a consequence, low order approximations of the
variability in the mass and stiffness matrices is effective and accurate. Note that, in general, that is not the case for system-
level matrices.

To manage the geometric variations created by dents, a methodology based on component mode synthesis with static
mode compensation has been developed. Furthermore, to avoid the fully nonlinear analyses, a generalized bi-linear
frequency approximation has been employed for predicting resonant frequencies of complex cracked structures. The
predictions of full finite element models have been shown to agree very well with the predictions obtained using
(dramatically lower dimensional) reduced-order models.

The novel parametric reduced-order models (PROMs) approach provides smaller system matrices and shorter analysis
and reanalysis time to predict the vibration response of complex structures. These advantages are particularly useful for
optimization problems because parameter variations such as thickness variations, geometric deformations (dents), and
interfaces (cracks) can easily be considered as design cases. Thus, the search for the optimal structure can be done
effectively by using fast reanalyses based on parametric reduced-order models (PROMs). In contrast, conventional
reduced-order modeling techniques cannot provide fast reanalyses because those reduced-order modeling are not
constructed for that purpose. Instead, conventional reduced-order models reduce the size of the system matrices for a

single set of values for the structural parameters and the geometry.
Model order reduction in general may use approximations which interfere with genuine changes in response caused by

the damage. A key advantage of this work is that it is designed to address precisely this issue. Specifically, the proposed
approach focuses on accurately capturing the effects of small parameter variations on the overall system response. That
contrasts other existing model order reduction techniques which often turn out to be robust to such variability.
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